Abstract. We prove that there exists a unique Hubert space of holomorphic functions in the open unit ball of C" whose (semi-) inner product is invariant under Möbius transformations.
Introduction
Let Bn be the open unit ball in C" and Aut(7?J be the Möbius group of biholomorphic mappings from Bn onto Bn. Let 77 be a Hubert space of holomorphic functions in Bn. In this paper, a Hubert space will be a linear space with a complete semi-inner product. Furthermore, we assume that 77 contains all polynomials and the polynomials are dense in 77. We say that 77 is Möbius invariant if f o tp g H and ||/o <p\\ = \\f\\ whenever fi G H and tp G Aut(7?n). The main result of the paper is the following Theorem. There exists a unique Hubert space ofi holomorphic functions in Bn which is Möbius invariant.
When n = 1, the above result was established in [1] . The unique Möbius invariant Hubert space in this case is the Dirichlet space 3¡ consisting of holomorphic functions / in the open unit disc D of C such that i|/(z)|2^(2)<+00, '0 where dA is the (normalized) area measure on D. The (semi-) inner product in 3¡ is given by if,g)= [ f(z)7(7)dA(z).
Jb
We remark that the condition ||/oç«|| = ||/|| for all / G 77 and tp G Aut(7?J is equivalent to the condition (/ o tp, g o tp) = (fi, g) for all /, g G 77 and tp G Aut(Bf.
The organization of the paper is as follows: In the next section, we present some preliminary results which will be needed for the proof of the main theorem. In §3, we prove the uniqueness of invariant (semi-) inner products. In §4 we prove that the inner product obtained in the uniqueness proof is indeed Möbius invariant. This will establish the existence. § §5 and 6 discuss other possible ways of describing the invariant inner product and the invariant Hubert space.
The author wishes to thank Don Marshall for useful discussions.
Preliminary results
For any ordered «-tuple a = (ax, ... , an) of nonnegative integers, we use the following abbreviated notations: \a\ = ax + ■ ■ ■ + an, a! = af.---af., z =zf---zf, dHfi dlalf dza ' dzaf---dzan-'
where z = (zx, ... , zf gC" and f(z) is holomorphic in Bn. Recall that the inner product in C" is given by (z,w) = ^z k™k k=\
We simply write \z\ = y/iz,z) = \/\zx\2 + ---+ \zn 2 for any z in C" . Let f¿n be the group of unitary operators on the Hubert space C" . It is clear that %n is a subgroup of Aut(7?n). In fact, í¿n is the isotropy subgroup of Aut(7?n) at 0 when we consider the natural action of Aut(7?n) on Bn.
Therefore, for tp g Aut(ßn), we have tp G %n iff tp(0) = 0.
For any a G Bn , define tpa g Aut(7?n) as follows: If a = 0, then <pa(z) = -z .
If a / 0, then
where Pa is the orthogonal projection from C" onto the complex line [a] spanned in C" by a, P^ is the orthogonal projection to the orthogonal compliment of [a] in C". It is easy to see that cpfO) = a, <pa(a) = 0, and <pa o tpa(z) = z . For these and other properties of <pa , see [6, 7, 4] . Given tp G Aut(5n), let a = <p~X(0) and U = <p°cpa , then U G Aut(Bn) and (7(0) = cp((pa(0)) = tp(a) = 0. Thus U is a unitary. Since tpa is involutive, we have tp = U otpa. This shows that Aut(7?J is generated by í¿n and {tpa: a G Bn} . The following lemma will be needed in the proof of the main theorem.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Lemma 1. Aut(5n) is generated by %n and all tpa with a = (r, O, ... , 0) and 0<r<l.
Proof. When a = (r, 0, ... , 0), we simply write <Pa = <Pr-Since Aut(Bf) is generated by í¿n and {<pa: a G Bn} , it suffices to show that each tpa (a G Bf) can be written as a product of unitaries and some tpr (0 < r < 1). Given a G Bn. If a = 0, then tpa is already a unitary. So we may assume a ^ 0. We show that there are U, V G %n such that <pa = [j tp,, V. Suppose U G %An , then UPaU* is a one-dimensional projection in C" . Since UPaU* (Ua) = UPa(a) = Ua, UP U* must be the projection onto the complex line [Ua], Thus UPaU* = PUa . It follows that UP^U* = Pya and UtpaU* = tpUa .
It is easy to see that there exists a unitary U G *2¿n such that U(\a\, 0, ... , 0) = a. The above argument now implies that <pa = Utp,a, U*, completing the proof of Lemma 1. D Note that by the definition of tpa , we have
for all zgBh and re[0, 1). In this paper, we'll be assuming that all Hubert spaces of holomorphic functions in Bn contain the polynomials and the polynomials are dense in them. It is natural to ask if this condition is always satisfied. For invariant function spaces, we have Lemma 2. Suppose H is a linear space of holomorphic functions in Bn with a complete semi-inner product which is invariant under Kut(Bf). Then H contains all the polynomials and the polynomials are dense in it iff 77 contains a nonconstant function and %n acts on 77 continuously. Proof. The "only if part will follow from our main result. The "if part has a proof similar to that of the one-dimensional case. See Proposition 2 in [2] and Lemma 3 in [8] . G Remark. We will not need Lemma 2 in the proof of the main theorem.
Let dmn = dxx dyx... dxn dyn be the Euclidean measure in C" = R2n . For any r > 0, the volume of any Euclidean ball in C" with radius r is nnr n/n\. Let dVn = ^dmn be the normalized volume measure on Bn so that ¡B dVfz) = 1. When n = 1, we write dA = dVx. Clearly, dA = \dxdy = \rdrdQ in polar coordinates. The following lemma will be needed in our later discussions. Proof. It follows from the above theorem that if 77 is an invariant Hubert space of holomorphic functions in Bn , then
Thus 77 is unique. Moreover, the above theorem also implies that the inner product in 77 is unique up to a positive multiple. The canonical inner product in 77 is
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It is not clear at all that the above inner product is Möbius invariant. This will be proved in the next secton, thus establishing the existence of invariant Hubert spaces of holomorphic functions in Bn . In order to prove Theorem 4, it suffices to prove the following three equalities:
(1) iz\zß) = 0 ifatß,
(zkx,zkx) = k(zx,zx).
The constant c in Theorem 4 is then (z,, zx). The proof of ( 1) is almost trivial. Assume that a ^ ß , then there exists some 1 < k < n such that ak ± ßk . We may as well assume a, ^ ßx. Let U be the unitary operator on C" defined by U(zx ,z2,...,zf) = (zxe'e ,z2,...,zf), where 6 is any real number. Since 77 is invariant under ÍAn , we must have (za, zß) = (zaoU,zßoU) = ei{a>-ß>)e(za, zß).
Since 0 is arbitrary and a, ^ /?,, we must have (za, zß) = 0. The proof of (3) is similar to that of Theorem 1 in [1] . We reproduce it here for completeness.
Recall that for r G [0, 1),
The invariance of ( , ) gives (fi, fi) = (f ° <pr, f° cpr) for all f in H. Let
by (1) and
Since r g [O, 1) is arbitrary, we must have (1, 1) = O and (z\, z\) -2(z\-x, z\~x) + (z\-2, z\-2) = 0, k>2.
Now it is easy to show by induction that (z\, z\) = k(zx, zf for all k = 0, 1, 2, ... , completing the proof of (3).
In order to prove (2), we need the following Lemma 5. Suppose k > 0 is an integer and Xa (\a\ = k) are complex numbers such that for all x > 0 (1 < j < n -1). This implies that aa = 0 (\a\ = k). Hence Xa = 1 for all |a| = k , completing the proof of Lemma 5. o
We can now prove the main equation (2) .
Fix any k > 1 and let U = («,-,■)"x" be any unitary matrix. We assume that U acts on C" by the usual matrix multiplication Uz, where z G Cn is considered a column vector. It follows that zxoU(z) = uxxzx + ---+ uXnzn.
Therefore, the invariance of ( , ) implies that for all f(z) = EQ aaz°, *(*) = EQ baza in 77.
Proof. Clearly 77 is a nontrivial Hubert space and the polynomials are dense in 77. It only remains to show that its inner product is invariant under Aut(7?J . By Lemma 1, it suffices to prove the following identities:
(1) ifi°U,goU) = (f,g), (2) if°<Pr,g°<Pr) = ifi,g), for all /, g in 77 and U G %n , r G [0, 1).
In order to prove (1) In particular, for all U G 1¿n, we have (foU)k=fikoU.
Equation ( 1 ) of this section will be a consequence of the following 
Other descriptions of the invariant inner product
The results in this section are somewhat negative. We point out many other ways of constructing the invariant inner product on the Dirichlet space 2¡ of the open unit disc D. Then we show one-by-one that these constructions fail in higher dimensions.
The Dirichlet pairing if,g)3= i' fiz)TW)dA(z) Jo is clearly an invariant inner product on the Dirichlet space 2 . Our problem here is to try to find a natural analog of this inner product in higher dimensions.
As the first trial, one may be tempted to look at the pairing if,g)= f (Vf(z),Vg(z))c"dV(z),
JB"
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use where V/(z) is the complex gradient of / at z. This is indeed an inner product, but it is easy to see that it is not invariant when n > 2. The above inner product is invariant because A is invariant and the Bergman kernel is invariant. Naturally we look at the generalization to Bn :
Recall that the invariant Laplacian
where K(z, w) is the Bergman kernel of Bn :
The pairing is clearly Möbius invariant since both A and the Bergman kernel are invairant. Unfortunately, when n > 2, the only holomorphic functions / in B with n [ Ä(\fi\2)(z)K(z,z)dV(z)< +oo are the constant functions. See [8] . Let P be the Bergman projection defined by Pf(z)= f K(z,w)fi(w)dV(w).
JB"
Given a function g G L (Bn, dV), the Hankel operator 77 on the Bergman space L2a(Bn) = {fGL2(Bn , dVf.fi is holomorphic} is defined by
where 7 is the identity operator on L2(Bn , dV). Basic properties of Hankel operators can be found in [3] [4] [5] . Hankel operators depend on its symbol invariantly, that is, if tp G Aut(7?n), then for all /, g in 3A , where tr denotes the trace of an operator. Once again, this nice result does not generalize to higher dimensions. As shown in [8] , when n > 2, the only Hilbert-Schmidt Hankel operator 77? with / holomorphic in Bn is the zero operator (when / is a constant).
The so-called Berezin transform is an invariant transform which has attracted much attention lately in function theory and operator theory [4, 5] . We have a brief discussion of it here because of its connection with invariant inner products.
Given a function / in L (Bn , dV), let =L/wl%^dv{w)> ze5-
The function / is called the Berezin transform of / (see [4, 5] 
By the uniqueness of invariant Hubert spaces, we must have 3¡ = 77, and Once again this construction fails when n > 2. The proof is essentially contained in [8] .
Finally in this section, we describe a general method of constructing the invariant inner product on the Dirichlet space 3A.
Suppose F is a positive continuous function defined on [0, +oo). Consider the pairing We remark that the above construction on D does not generalize to Bn when n > 2. Namely, when n > 2, the only way to make f ¡ \f(z)-f(w)\2\K(z,w)\2F(\tpz(w)\)dV(z)dV(w)<+oe Jbh Jb" is to choose / to be a constant or F identically zero. The argument is elementary and it reduces to showing that JB) \z -<p(w)\2K(z, z)dV(z) = +00 IB)n for all n > 2 and w ^ 0. The details are omitted here.
Other descriptions of the invariant Hilbert space
Although we have been unsuccessful in finding a simple intrinsic description of the invariant inner product, there is a way of describing the invariant Hilbert space in terms of the (generalized) radial derivative. What follows is essentially suggested by the referee. The author thanks the referee for his useful comments.
Suppose fi(z) is holomorphic in Bn . The radial derivative of / is Kf(z) = ±zk §fiz). We can think of these operators as generalized radial derivatives. Finally we point out that it is also possible to characterize the invariant Hilbert space in terms of the (generalized) radial derivative on the boundary of Bn. In fact, the referee computed that for fi(z) = J2a aaza holomorphic in Bn -Sa KI2ïajrlQl < +00 if and only if Ja i \Rn/2f(w)\2dtj(w)<+oc. The proof is similar to that of Theorem 10, we omit the details here.
Note added in proof. After the present paper was accepted for publication, the author was informed that Jaak Peetre obtained essentially the same results (uniqueness and existence) in 1984 in an unpublished manuscript. However, Peetre's method was quite different from the computational approach here.
